Given a holomorphic vector bundle E on a connected compact complex manifold X, [FLS] construct a C-linear functional I E on H 2n (X, C). This is done by constructing a linear functional on the 0-th completed Hochschild homology HH 0 (Diff(E)) of the sheaf of holomorphic differential operators on E using topological quantum mechanics. They show that this functional is X if E has non zero Euler characteristic. They conjecture that this functional is X for all E.
Introduction
Let X be a smooth, connected compact complex manifold. Let E be a holomorphic vector bundle on X. In this note, the term vector bundle shall refer to a holomorphic vector bundle over a complex manifold unless explicitly stated otherwise. Let Diff(E) be the sheaf of holomorphic differential operators on E. We have a notion of completed Hochschild homology HH • (Diff(E)) such that there is an isomorphism β E : HH −i (Diff(E)) ≃ H 2n−i (X, C)
for every integer i. A paper by B.Feigin, A.Losev and B.Shoikhet [FLS] describes the construction of a C-linear functional tr on HH 0 (Diff(E)) using topological quantum mechanics. Denote the linear functional tr • β −1 E on H 2n (X, C) by I E . We call I E the FLS-functional of E. We also have a notion of completed cyclic homology HC • (Diff(E)) such that HC −j (Diff(E)) ≃ H 2n−j (X, C) ⊕ H 2n−j+2 (X, C) ⊕ ... .
The construction of tr can be generalized to yield linear functionals tr 2i on HC −2i (Diff(E)) for each i ≥ 0. The "higher trace" tr 2i therefore yields a linear functional I E,2i,2k on H 2n−2k (X, C) whenever 0 ≤ k ≤ i.
[FLS] showed that if E is a vector bundle of non-zero Euler characteristic, then I E = X as linear functionals on H 2n (X, C). This was done using the Riemann-Roch-Hirzebruch theorem. [FLS] conjectured that I E = X in general. We refer to this conjecture as the integral conjecture for the rest of this note. [Ram] showed that I E = I F for any two holomorphic vector bundles E and F on X. We may therefore, refer to I O X as the FLS-functional on X. The fact that I E is independent of E implies that I E = X as long as E is a holomorphic vector bundle on a compact complex manifold X that admits at least one vector bundle of nonzero Euler characteristic. This proved the integral conjecture for compact complex manifolds arising out of complex algebraic varieties, since any smooth complex algebraic variety has at least one vector bundle of nonzero Euler characteristic (see the introduction in [Ram] for an argument proving this assertion). The integral conjecture for arbitrary compact complex manifolds however, remained an open question as it is not known whether or not there exist compact complex manifolds with no holomorphic vector bundle of nonzero Euler characteristic.
This note proves the integral conjecture in general. This is done by building upon the work in [Ram] which in turn, was a further development of the approach to this problem in [FLS] . The argument used here is very natural from the geometric point of view. It also enables us to extend the construction of the FLS-functional to the construction of a C-linear functional I E on H 2n c (Y, C) given a vector bundle E on an arbitrary connected complex manifold Y , and prove that I E = Y (Theorem 1). Here, H
• c denotes cohomology with compact supports. One can also extend the construction of I E,2i,2k for vector bundles on compact complex manifolds to vector bundles on arbitrary complex manifolds. Given a vector bundle E on an arbitrary connected complex manifold Y , one can extend the construction of I E,2i,2k from the compact complex case to construct a C-linear functional I E,2i,2k on H 2n−2k c (Y, C). Strengthening a result of [Ram], we show that I E,2i,0 = Y and I E,2i,2k = 0 whenever k > 0 (Theorem 2).
Outline of this note. Section 1 contains certain remarks about the idea used in this note. These may help the reader understand the motivation behind this note better. Section 2 recalls the construction of the FLSfunctional on X. Section 3 proves the integral conjecture in general and extends the construction of the FLS-functional to vector bundles on arbitrary connected complex manifolds . Section 4 proves a lemma that is used in Section 3.
1 Some remarks.
Remark 1:We remark that the argument used to prove the integral conjecture in Section 3.1 shows that to prove the integral conjecture for an arbitrary compact complex manifold of complex dimension n, it suffices to prove it for one compact complex manifold of the same complex dimension. In principle, this observation enables us to free this approach from the Riemann-Roch theorem "to a good extent". Recall that the proof of the integral conjecture for vector bundles of non-zero Euler characteristic used the fact that the class of the global differential operator id in H 2n (X, C) is (ch(E).td X ) 2n (see [NT1] and [NT2]) along with the RiemannRoch-Hirzebruch theorem. Theorem 2 of [Ram] together with the argument in Section 3.1 proves that we need this only for one particular vector bundle on one particular compact complex manifold of dimension n for the integral conjecture to hold for every compact complex manifold of dimension n.
Remark 2. The argument in Section 3.1 is also very natural from the geometric point of view. Let U be an open disc with inclusions into two compact complex manifolds X and Y . If ω is a top degree differential form on U supported compactly in U then
The crux of this note is to prove "directly" that the Feigin-Losev-Shoikhet linear functional mimics the above behavior of the integral. This is exploited along with the results from [Ram] to prove the integral conjecture in general. We also note that the same idea is behind the extension of the Feigin-LosevShoikhet construction of the integral via topological quantum mechanics to non-compact complex manifolds as well. Of course, cohomology with compact supports has to be used instead of cohomology itself. We refer to this result as the supertrace theorem in this note. Note that the integral conjecture implies the supertrace theorem. Also note that the supertrace theorem together with Theorem 2 of [Ram] implies the integral conjecture for any compact complex manifold that admits at least one holomorphic vector bundle admitting at least one global holomorphic differential operator with non-zero supertrace. Unfortunately, we do not know whether every compact complex manifold has this property. We also point out that by proving the integral conjecture in full generality, this note completes a different approach to the supertrace theorem from that in [EnFe] . Proposition 4.1 of [EnFe] inspired the author to use a "heat kernel" approach to push the idea outlined in Remark 2 through.
Preliminary material
This section is meant to briefly recall the salient aspects of earlier work in [FLS] and [Ram] . For further details, the reader may refer to [FLS] and
. By basic Hodge theory (see [Vois] theorem 5.24), K
• E splits into a direct sum of a complex K
• 0 E of C-vector spaces with 0 differential and an acyclic complex K
The key construction of [FLS]
The reader mar refer ro [FLS] for further details regarding any assertion made in this section. The key construction of [FLS] is of an A ∞ -morphism F from Diff
One thus obtains a map F hoch * from the Hochschild homology of Diff • (E) ⊗k yielding a Hochschild 0-cycle of Diff
In the above equation, τ is the C-endomorphism of Diff
• (E) ⊗k arising out of a cyclic permutation of factors with the appropriate sign . F k is the k th Taylor component of the A ∞ -morphism F (for more details, see [FLS] ).
We now describe the construction of the Taylor components F k of F.
The Taylor components of F
Let C k denote the configuration space {t 1 < ... < t k |t i ∈ R}/G (1) where G (1) is the one dimensional group of shifts (t 1 , .., t k ) → (t 1 + c, ..., t k + c). This is a smooth k − 1 dimensional manifold that is not compact if k > 1. Note that setting τ i := t i+1 − t i identifies the C k with the open orthant Π
E where φ acts on the ith factor from the right. Recall that ∂ * E denotes the Hodge adjoint of∂ E . Similarly, ∆ E denotes the Laplacian of
• (E) ⊗k yields an element of End(K • E ) ⊗k which shall also be denoted by D. If I and Π denote the inclusion of K
• 0 E as a direct summand of K
• E and the projection from K
That the F k form the Taylor components of an A ∞ -morphism was proven in [FLS].
A linear functional on HH 0 (Diff(E))
For an open subset U of X, let Diff(E)(U ) and Diff
) denote the complex of Hochschild chains of Diff(E)(U ) (converted into a co-chain complex). We note that the Hochschild differential on C
• (Diff(E)(U )) extends to a differential of degree 1 on the graded vector space
where E ⊠k is the k-fold external tensor power of E on X k . We denote the resulting complex by C
• (Diff(E)(U )) . Similarly, we note that the Hochschild differential on C • (Diff • (E)(U )) extends to a differential of degree 1 on the graded vector space ⊕ k≥1 Diff
•
. We denote the resulting complex by C • (Diff • (E)(U )) . Let C • (Diff(E)) denote the sheaf of complexes associated to the presheaf
of complexes of C-vector spaces on X. Similarly, let Hoch(Diff(E)) denote the sheaf of complexes associated to the presheaf
of complexes of C-vector spaces on X.
Unfortunately, F does not automatically yield a map of complexes from Hoch(Diff(E)) to C • (End(K Fact 1: The formula (2) makes sense for any 0-co-cycle in Γ(X, Hoch(Diff(E))).
Fact 2:
The right hand side of the formula (1) yields a linear functional on the 0th co-homology of Γ(X, Hoch(Diff(E))).
On the other hand, the natural degree preserving map of complexes from C
• (Diff(E)) to Hoch(Diff(E)) is a quasi-isomorphism since Diff
• (E ⊠k )(U k ) is quasi-isomorphic to Diff(E ⊠k )(U k ) for any k ≥ 1 and any open subset U of X. Further, Hoch(Diff(E)) is a complex of sheaves of C-vector spaces that are modules over the sheaf of smooth functions on X. It follows that the ith cohomology of the complex Γ(X, Hoch(Diff(E))) is
It follows that the right hand side of the formula (1) yields a linear functional on HH 0 (Diff(E)) which we will denote by tr. Also recall (for instance, [Ram] Lemma 3) that C • (Diff(E)) is quasi-isomorphic to the shifted constant sheaf C[2n]. It follows that HH −i (Diff(E)) ≃ H 2n−i (X, C). It follows that tr yields a linear functional on H 2n (X, C) which we denote by I E .
3 Generalizing the integral conjecture.
Let X be a compact complex manifold admitting at least one holomorphic vector bundle of non-zero Euler characteristic. Let E be a homomorphic vector bundle on X. Let I E : H 2n (X, C) → C be as in the introduction. Since we have already shown in [Ram] that I E = I F for any vector bundle F on X, we may assume without loss of generality that E = O X . Let K 
We postpone the proof of the following lemma to the end of this paper. It follows that if τ is the signed permutation of factors as in (1), then if
, then ϕe −t∆ makes sense as a trace class operator on K Then,
for any t > 1 . Note that the above sums converge absolutely by the fact that ϕe −t∆ is a trace class operator for any t > 0. It follows that
The last sum is a finite sum and is equal to str(Π K
) where Π K Note that K
as graded Hilbert spaces. We state the following consequence of the fact that α is compactly supported in a subset of U as a proposition and leave its proof to the reader. Corollary 1.
The corollary now follows from Proposition 3 and Proposition 2.
Proof of the integral conjecture in general.
Let Y be an arbitrary compact complex manifold with dim C Y = dim C X. 
Let j X and j Y denote the inclusions from U into X and Y respectively. Let α be as in Proposition 1. Then,
On the other hand,
for any t > 0 by Proposition 3. Taking the limit as t → ∞ and applying Corollary 1, we get 3.2 The Feigin-Losev-Shoikhet construction for vector bundles on noncompact complex manifolds.
As a byproduct of this proof, we have in fact, extended the construction of the Feigin-Losev-Shoikhet linear functionals associated with holomorphic bundles on complex manifolds to complex manifolds that are not compact. Let E be a holomorphic vector bundle on an arbitrary connected complex manifold Y . Let ∆ E denote the Laplacian of E. This depends on a choice of Hermitian metric for Y as well as for E. Let α ∈ Γ c (Y, Hoch(Diff(E))). Let D k (E) denote the sheaf associated with the presheaf U Diff
Note that α k = 0 for almost all k. Let Φ be as in Section 2.1.1 and let τ be the (signed) permutation of formula (1). Let Proof.
Step 1:To prove Part 1, note that the support of α can be covered by finitely many open discs
One can find a partition of unity {f 1 , ..., f m , f } on Y subordinate to the cover Y = ∪ i U i ∪ Z with f i supported on U i . Note that the support of f i is compact. Also, f = 0 on the support of α. Writing α as i f i α it suffices to prove part 1 for α compactly supported on an open disc U contained in an open disc W on which E is trivial. One may find a compact complex manifold X containing an open disc W X with which W can be identified holomorphically. Let E ′ = O p X where p is the rank of E. The metrics on X and E ′ may be chosen to coincide with those of U and E| U respectively on U X . Let α X denote α thought of as an element of Γ(X, Hoch(Diff(E ′ ))). By an easy generalization of Lemma 1, ϕ(α X )e −t∆ E ′ makes sense as a trace class operator on K • E ′ L 2 for any t > 0. Since α X is supported on a compact subset of U X and since K
, an easy extension of Proposition 3 implies that ϕ(α X )e −t∆ E ′ makes sense as a trace class operator on K
• E ′ | U X L 2 for any t > 0 and that
But since α X ,U X and ∆ E ′ | U X are identified with α,U and ∆ E | U respectively, ϕ(α)e −t∆ E makes sense as a trace class operator on K
• E| U L 2 for any t > 0 and str U (ϕ(α)e −t∆ E ) = str X (ϕ(α X )e −t∆ E ′ ) .
• E| Y \U L 2 and noting that α is supported on a compact subset of U , we see that ϕ(α)e −t∆ E makes sense as a trace class operator on K • E L 2 for any t > 0 and
for any t > 0. This proves part 1.
Step 2: By (4),
Moreover, since X is compact, a trivial modification of the argument proving Proposition 2 will show that the right hand side is finite . It follows that α lim t→∞ str(ϕ(α)e −t∆ E ) yields a linear functional on the space of compactly supported sections of degree 0 of Hoch(Diff(E)) that are supported on any fixed open disc U ⊂ W such that W ⊂ Y is an open disc on which E is trivial. That this extends to a linear functional on the space of degree 0 elements of Γ c (Y, Hoch(Diff(E))) follows from a partition of unity argument similar to that used to prove part 1 of this proposition.
Step 3: To show that α lim t→∞ str(ϕ(α)e −t∆ E ) yields a linear functional on H 0 (Γ c (Y, Hoch(Diff(E)))) , we need to show that lim t→∞ str(ϕ(d hoch β)e −t∆ E ) = 0 for any degree −1 element β of Γ c (Y, Hoch(Diff(E))). Here, d hoch is the differential of the complex Γ c (Y, Hoch(Diff(E))). Once more, as in the proof of Part 1, one can first show that it suffices to show that lim t→∞ str(ϕ(d hoch β)e −t∆ E ) = 0 for any degree −1 element β of Γ c (Y, Hoch(Diff(E))) supported on a subset of an open disc U ⊂ W such that W ⊂ Y is an open disc on which E is trivial. In this case, if X and E ′ are as in Step 1 of this proof, then
Since X is compact, by an easy generalization of proposition 2,
The right hand side is precisely X [d hoch β X ] = 0 by the integral conjecture for compact complex manifolds. This proves part 2 of the desired proposition.
Note that Hoch(Diff(E)) is a complex of soft sheaves that are modules over the sheaf of smooth functions on Y . Further, Hoch(Diff(E)) is quasiisomorphic to C • (Diff(E)) which in turn is quasi-isomorphic to the shifted for any i ≥ 0. Further,
Remark: One may define the "completed cyclic homology with compact support" HC c
• (Diff(E)). By definition, HC c
• (Diff(E)) = RΓ c (Y, Cycl(Diff(E))) where Cycl(Diff(E)) is the completed cyclic chain complex of Diff(E). Since Cycl(Diff(E)) is quasi-isomorphic to Cycl(Diff(E)), and is a complex of soft sheaves on Y ,
I E,2i,2k is constructed in the non-compact case by observing that the construction of tr 2i in the compact case generalizes to yield a linear functional on HC ) where Ω • (C k ) is equipped with a topology similar to that of the space of smooth functions on C k . We also recall that a key fact used to verify this is that e −τ j ∆∂ * dτ j → 0 in End(K This is seen to be a smooth differential form on C k with values in End(K • X ).
Step 2:
Recall from [BGV] (Section 2.4) that since t > 0 the operator e −t∆ is an integral operator with a smooth kernel p t (x, y) ∈ K 
